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Abstract- The Electrogeometric Theory is applied to As an illustrative example the suggested distribution is

analytically relate the probability demsity function of the
lightning peak current at ground level to the available
experimental distribution obtained from strokes to tall
structures. Analysis of the influence of the height of the
structure on the distribution is made. It suggests that the
median value of the distribution at ground level is lower than
the median value of the experimental distribution by 10kA.
For practical calcuiations, a simplified expression is proposed
to approximate the distribution at ground level. As an
illustrative example the suggested function is applied to
estimate the lightning strike incidence to transmission lines.

1. INTRODUCTION

Actual methods, recommended by the CIGRE and the
IEEE [1, 5, 6], to compute the shielding failure rate (SFR)
of transmission lines (TL) are based on the
‘Electrogeometric Theory’. They consist of defining a
‘lightning exposure distance’ for a shielding failure, as a
function of the lightning crest current [1, 6]. The lightning
crest current is a random variable with a range of possible
values. Therefore estimating the SFR involves the
integration of the lightning exposure distance weighted by
the probability density function (pdf) of the crest current.
This procedure can easily be extended to also estimate the
total lightning strike incidence to TL as it will be explained
in section 4.

Those methods for estimating the shielding failure 1ate or
the total strike incidence require the knowledge of the crest
current distribution, specifically the one at ground level,
although not explicitly mentioned in [1, 5, 6].

Mostly used practices consider the IEEE [5] or CIGRE [1]
approximate  expressions of the latest available
experimental distribution. However the latter is derived
from measurements of lightning strokes to tall structures
(less than 60 meters in height) [1].

This paper proposes an analytical expression to relate the
probability density function at ground level to the
experimental distribution, based on the Electrogeometric
Theory. For practical studies an approximate and simple
formulation of the distribution at ground level is suggested.

applied to the estimation of the lightning strike incidence to
transmission lines. Evaluation of the impact of correcting
the distribution is provided.

II. THE ELECTROGEOMETRIC THEORY

Experiments have shown that the final stage of a lightning
leader progressing downward involves the initiation of an
upward rising connecting leader as the downward leader
approaches within a certain critical distance the earth or a
structure. This distance referred to as the striking distance
is the key concept of the electrogeometric theory for which
several ElectroGeometric Models (EGM) have been
proposed. It permits the prediction of the point of impact of
a stroke, that is the origin of the upward rising leader.

For example, if all striking distances, to the shield wire, to
the phase conductors, and to earth are considered equal for
a certain lightning current, then a vertical downward
lightning leader would terminate on the closest object.

It is common to refer to the equation developed by Love
(equation 1) to determine this distance, for which the above
assumption of equal striking distances is made.

s(i) =10.i9° (1)

where 5(f}) is the striking distance in meters,

i is the peak current amplitude in &A4.

As one can see in equation 1, the striking distance is a
function of the peak current amplitude of the return stroke.

Considering Love’s EGM and cne specific value of a
stroke current, an illustration of the striking distance above
a mast and the surrounding ground is given in Figure 1.
The striking distance for the points at the ground describes
a plane above the ground whereas the striking distance
above the mast top (if represented as 2 point) describes half
a sphere (half a circle for the sectional plan).

As we can see on Figure 1, a vertical downward lightning
leader, during its progression to ground, will be intercepted
by the mast if it will first meet the striking distance of the
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mast, i.e. if the downward leader is within a distance r(Z)
of the mast.

ElectroGeometric Model
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Figure I: representation (a) of the striking distance s(i) to a mast
and its surrounding ground and (b) of the corresponding
attractive radius r(i} of the mast.

The geometric zone around the mast within which the
process of lightning interception takes place may be
expressed through the attractive radius r{i} as follows
using Pythagore’s theorem :

H) = 5@ - (s00) - h)2 for{i / s(i) > h}

r(f} = s(?) for{i / s(i) < h} )
where r(f) is the attractive radius

s(i} is the striking distance

h is the mast height

i is the peak current amnplitude

In this model the mast creates an electrical shadow on the
ground which forces the lightning flashes that would
otherwise terminate inside this zone to strike the mast head
instead.

I. DISTRIBUTION OF STROKE CURRENT
A. Experimental distribution

A statistical sample of 408 observations of negative
downward flashes to structures less than 60m in height has
permitted the derivation of the frequency distribution of
lightning peak cwrrent amplitude {1]. Several formulations
have been proposed to approximate this experimental
distribution [1]. The one suggested by Anderson [2]
(adopted by the IEEE Working Group on Estimating the
Lightning Performance of Transmission Lines [1, 5]) and
used in this paper is as follows:

KI>i) =1-F@) (3)

1
1+ (i /31)%8
where F;( ) is the cumulative distribution function.

Methods based on the EGM that are used to predict the
lightning strike incidence on transmission lines or their
shielding failure rate require the knowledge of the lightning
peak-current distribution at ground level. Therefore, it is of
interest to relate the distribution at ground level to the
measured distribution.

A. Distribution at ground level
Mathematical Formulation

Aceording to the electrogeometric theory, we have scen
that a mast in an open field will create in its vicinity a
circular shadow of radius ~(.) function of the peak current
amplitude and of the mast’s height (see section 2}. Let the
electrical shadow be denoted by A(i), disc of center the
mast stand and of radius #(¢) .

Let now the probability of observing a lightning flash at
(x,y) € % and of peak cument i e J0,+ be of

density f; y y(i, x, ) for (i, x, y) € ER: x R xR,

Then the probability that the head mast is struck by a
lightning flash is :

m= u]-[ _Uf:,x.r (,x, J’)dde’J-di (4)

0 NAG)

Therefore the density of the peak current at the head mast
fi (.), given that the head mast is struck by lightning,
is:

.”fl,)r,y(isx,y)dxdy
AD

(5)
H Srxx (j,x,y)dxdy]vtﬁ

A(Jj)

f Tnar ()= -

Q0 [
Given that any point of the ground in an open field is
equaily likely to be hit by a lightning flash irrespective of
the crest current value, that is to say that the peak current
and the point of impact are independent random variables,
we may therefore write :

f!.X,Y(i’x’y) =f;_(i).g X’r(x:.}’) 6

ground

where the probability density g, , is uniform in the
vicinity of the mast.
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and

"= a]ffmm, (I)( _”gx,r (x,y)dxdy].dz‘
0 A(i)
=7 fr(i)z S1p (0).di
(7

f:m (i) J-ng,y (x, y)ydxdy
Al

_[f.rm,, (J’){ Ijgx.r(x:J’)dxdyJ-‘if

A(f)

T

Tt (D 7P

o

J PO 1 () G
0

(8

Conversely the inverse relation can be established to derive
the probability density at ground level from the probability
density for high structure:

(H =k i) )]

& r(if

ground

where the normalizing constant is :

—1
© fr ()
k = mal . A4f (10)
L{ iy J}

Application to Anderson’s approximaiion

Knowing that the probability density function is the
derivative of the cumulative distribution function :

) d ,
fi) = E(F](l)) (11)

and substituting Anderson’s distribution approximation

{equation 3) into equation 9 we obtain :

I ouna ) = %
(12)

The cumulative distribution function (cdf) may be obtained
by integrating the probability density function as follows:

£

ground

(di (13)

ground

= {5
4]

Numerical evaluation of equation 12 and 13 is shown
graphically in Figure 2and Figure 3. A thirty meter average
mast height has been considered in computing the attractive
radius #(7).
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crest current | (kA)

Figure 2 :Anderson's cdf approximation (mast) and associated
cdf at ground level.
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Figure 3 : pdf corresponding to Anderson’s cdf approximation
and associated pdf at ground level..

To compare the two distributions and illustrate the differences,

Table 1 presents the value i, such that F;(i,)=p for
some set of arbitrarily chosen values of p, where p is any

given number suchthat 0 < p < 1.
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Table 1: data extracted from the inverse function of Anderson’s
approximation (Eq.3.) and from approximation (Egq.13).

P > i) (%) Iground Imast
99 26 53
95 4.7 10
90 6.9 13.3
80 10.9 18.2
70 14.4 224
60 17.8 26.5
50 214 3
40 254 36.2
30 303 4.9
20 37.1 528
16 49.3 722
5 63 96

1 105 181
0.1 187 250

Table 1 shows that the median value at the head mast is 31
kA and at the ground level is 21.4 kA,

Ground distribution approximation

An approximate solution of the same type as Anderson’s
distribution formula (see equation 3) may be found for the
ground distribution of lightning peak current amplitude in
the following form :

1

Fr (ai)=1-——"
! L+ (i / Isg)®

ground

(14)

where [5q is the median value.

A non-linear fitting in the least-squares sense of the
lightning peak current’s cdf at ground level leads to
minimize the following expression :

“ 2
@) - B (@ ie) ] (15)

aeR I ground

mm[zk: F,

Matlab’s Levenberg-Marquardt routine gives the following
solution :

1

S E— 16
1+ (i / 214)%° (16)

F (=1

Eroi

for which the relative error is shown in Figure 4.

o
L=}

o
o
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Figure 4 : relative error due to the fitting of the cdf of the
lightning peak current at ground level.

One can see that the approximation of the ground
distribution (equation 16) does not introduce a significant
error for peak current values above 20 kA.

Sensitivity to the mast height

The approximate solution given in equation 16 is based on
the analytical description of the interception of a lightning
flash by the mast given by the EGM for which an
assumption of an average mast height of thirty meters has
been made. The impact of this assumption on the
approximation of the distribution is studied hereafter. The
probability density at ground level for different mast
heights using the relation given by equation 12 was
computed. The plots of the results are portrayed in Figure
5.
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Figure 5 : probability density functions of the peak curreni at
ground level, considering different mast heighis in equation 2 .

The corresponding median values and parameters o of the
approximate function (equation 14} are given in Table 2.
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Table 2 : parameters of the approximare function and
distribution’s median values as a function of the mast height.

Mast height ap Median value for the peak
{(meters) current (kA) fsq
20 2.6 22.3
30 25 214
40 24 203
50 2.3 19.3
60 22 18.4

It can be concluded that the differences between the
experimental distribution and the corrected distribution
may be important for lightning strike incidence calculation.
The sensitivity to the mast height within a reasonable and
realistic range of values may seem to be msignificant with
respect to the uncertainties of the lightning input data.
Therefore, the use of the appropriate formula for the
ground distribution seems to be advisable, in particular for
calculation of the lightning strike incidence on transmission
lines,

1. LIGHTNING STRIKE INCIDENCE

The number of flashes to a transmission line (TL) is related
to the lightning activity of the region in which the
transmission line is. The regional lightning activity is often
characterised by the so-called lightning ground flash
density N, which expresses the number of flashes to

ground per unit area (square kilometer) per year.

If all lightning leaders are considered vertical, the
‘electrical shadow’ created on the ground by the TL may
be assumed to be a band along the TL. The width of the
band represents the transversal exposure distance of the
TL, given by the sum of the distance between the shield
wires with the radius of attraction on each side as follows :

2.7(0) + dgy Qamn

where  r(i) is the attractive radius of the line (see
section II}

d;, is the distance between the two shield
wires, if one ground wire d,,, = 0.

We have seen in section II that the attractive radius is a
function of the crest current and of the structure’s height.
For the latter we can consider a weighted average height as
follows :

1

hy = by + 5(h, ~ hy) (18)

where 4 is the weighted average height of the shield

wire(s),

hy, is the shield wires’ height at midspan,
h, is the shield wires’ height at the towers.

Now considering the ground flash density and integrating
with respect to i the geometric zone of exposure weighted
by its probability density we obtain an estimation of the
number of strokes to the line:

Ny = Ng [ L. (2000 + dy) fr ., (DD (19)
0

where  ~;, is the number of lightning strokes
terminating on the transmission line,

Ly is the line length,

e is the probability density function of

the peak current at ground level.

Strike incidence per year and 100km line length as a
function of the average line height is shown in Figure 6. A

unit ground flash density (N, = 1) has been assumed and

several distances between the two ground wires have been
considered.

@ 10!

Strike incidence (fyear/100km)
N x @
;ﬂ.

0 2I0 4.0 60 80
line average height {(m)

Figure 6 ; Number of flashes to a line (per 100km/vear) versus
line height for different spacing between the two ground wires

(Ng=1).

The distance between the two ground wires introduces a
small offset on the estimation of the strike incidence (see
Figure 6).

It may be noted that in the referenced literature [1, 2], the
estimation of the lightning strike incidence on transmission
line was calculated without differentiating between the
experimental distribution and the one at ground level. To
illustrate the importance of using the correct distribution
the number of flashes to the line was computed for a
230kV line and for a wide range of transmission line
average height.
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Numerical Example

To illustrate the difference, we will estimate the expected
lightning strike incidence for a shielded 230kV
transmission line considering both distributions, the IEEE
approximated form of the experimental distribution, and
the corrected distribution computed at ground level. The
strike incidence estimation is computed using Eq.19.

Line Data :

line : L24A, single shield wire

towers : ST6-69

height of the shield wire at tower: 37.2 m

height of the shigld wire at midspan : 30.8 m

regional ground flash density : N, =1.44 flash/km”/year

Results ;

weighted average height : 32.9 m
N; p = 18 flashes/100km/year

Ng . = 207 flashes/100km/year

where
Ng p: is the number of flashes to the line based on the
- biased distribution
N, . : 1sthe number of flashes to the line based on the
- corrected distribution
lati %) =
relative error (%) ‘Ns_b - N, . 100
N s_e

The estimation based on the experimental distribution
overestimates by 15% the lightning strike incidence.

Standard average height

Let us now estimate for both distributions the expected
lightning strike incidence of a transmission line as a
function of its weighted average height. The distance
between ground wires is assumed equal to zero (one
overhead ground wire), and a ground flash demsity is

assumed equal to 1 (N, = 1 flash/km?/year). Results are
represented graphically in Figure 7. The values from the

previous example are indicated. (14.4*1.44=18 and
12.5*1.44=20.7 as calculated in numerical example).

A%]
(=]

— — Y -
N b [+2] o

Strike incidence (/year/100km)
(=]

80 20 40 60 80

line average height (m)
Figure 7: Number of flashes to the line versus the transmission
line average height for both Anderson’s distribution
approximation (referred to as the biaised pdf} and the
approximated ground distribution as in equation 17 (referred to
as the corrected pdf).

According to the electrogeometric concepts, the estimation
based on the experimental distabution would overestimate
by 15 to 20% the lightning strike incidence. This is not a
significant difference considering the fact thar both
estimations are mainly affected by the validity of the EGM
and the accuracy of the lightning data.

I. CONCLUSION

In this paper we have presented an analytical expression to
relate the probability distribution of the lightning peak
current at ground level to the available experimental
distmbution, which is derived from measurements of
strokes to tall structures. The approach is based on the
ElectroGeometric Theory, for which all striking distances
have been assumed equal.

Considering Love’s Electrogeometric Model and the [EEE
approximation of the stroke current experimental
distribution, a simple approximate formulation is proposed
for the distribution at ground level:

1

Pl >i)=s ——Mmm—
= 1+ (i / 214)%°

The suggested distribution has been applied to the
estimation of the lightning strike incidence to transmission
lines. Comparison of the predicted number of flashes
terminating on transmission lines using the IEEE standard
distribution and the corrected distribution suggests that use
of the standard distribution will overestimate the lightming
strike incidence by 15-20%.

Finally a chart (Figure 6) is proposed to quickly estimate
the number of flashes to a power line, given its average
height.
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